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ABSTRACT

The theory of growth functions as developed on the basis of
Lindenmayer systems (also called developmental moaels) seems unable to
account for several phenomena occurring in developmental biology.

If, however, we drop the assumption that changes (=rewriting of strings)
in the system occur at unit time intervals, we can describe phenomena
like progressive dissipation of growth energy, biological rhythms,
changes in envirommental conditions which influence the growth rate etc.
in the model. Thus we derive a hybrid model by assuming discrete cells a
instantaneous cell division but continuous time. The number of past re-
writings then corresponds to physiological time and the total time
consumed to physical time. It is shown how, e.g., exponential growth in
physiological time may lead to a logistic growth curve in physical time
and, similarly, linear growth in physiological time to monomolecular
growth in physical time. Both physical time growth functions are example
of sigmoidal growth curves, generally occurring in developmental biology
hitherto unattainable in the theory of growth functions of L systems. So
extensions of the model are discussed and an interpretation in terms of
table Lindenmayer systems with a computable control word is given. The
strength of the results seems to lie in the fact that the model relates
stereotype elemental (cellular) behavior to empiricallv observed overall

growth curves.

KEYWORDS & PHRASES: Lindenmayer systems, biological development, growth

functions, physiological time, sigmoidal growth.

*) This report will be submitted for publication elsewhere.







1. INTRODUCTION

In about 1968 Lindenmayer proposed automata theoretic models for
growth and development of (filamentous) multicellular organisms.
These models (named L systems after their originator) have caused much
activity from the side of mathematicians and formal language theorists
(see e.g. HERMAN and ROZENBERG [ 1975], ROZENBERG and SALOMAA [1974],
LINDENMAYER and ROZENBERG [ 1976] ) but have not yet been adopted to a
great extend by workers in the field of developmental biology. An excep-
tion can be found in LUCK and LUCK [1976]. One reason for
this‘lack of interest might be that the mathematical questions considered
in L system theory have no interest, or even interpretation, for the
biologist. A fundamental difficulty may be that the basic assumptions of
the model are such that it is not adequate at all to model certain biolog-
ical phenomena. This can be remedied by adding features ad hoc, which in
fact is mostly done in biological applications of the theory. As a conse-
quence, the mathematical fabric which has been woven on the firm fundaments
of the basic assumptions than comes apart and for a large part does not
hold for the featured model.

SZILARD [1971] initiated the study of growth functions of
Lindenmayer's developmental models. Under the restriction that there is
no interaction amongst cells this leads to a nice closed form solution
for growth functions: a combination of exponential and polynomial terms
(see section 2). However, the model can not account for empirically
derived growth functions such as the logistic one A/(1+Be—kt) or the
monomolecular one A(I-Be_kt) (cf. MEDAWAR [1945] ). Even the introduction
of cell interaction does not help us out. In the first place we get quite
unlikely flows of messages through the organism (see e.g. HERMAN and
ROZENBERG [1975] ) which are more suitable to electronic computers and in
fact give the organism the computing power of one. In the second place, we
are still not able to obtain growth which, always increasing the size of
the organism, tends towards stability in the limit. The slowest increasing
growth we can obtain by allowing cell interaction is logarithmic and thus

cannot account for the asymptotic behavior of sigmoidal growth func-

tions like the logistic and monomolecular ones.




Apart from this it can be argued that, for instance, purely expo-
al growth such as met in the theory of L systems, does not reflect
gical reality: in a short time the organism would fill the universe!
er, it has been shown that under continuous culture conditions bacte-
nd monocellular algae can easily be kept under exponential growth
n filamentous algae, LUck (private communication). Of course, if the
re medium remains unaltered in time, as is eventually the case, there
be a sigmoidal growth curve. Mostly, growth curves of higher plants
this form. Sometimes, there is also a very long, nearly linear,

n phase. Lianes grow like that. In any case, that real growth nor-
stops somehow is not necessarily related to food constraints but

lso be the result of higher hierarchical prbcesses such as flowering.
11ly, in the last decades serious experimental workers seem only to

.der the first so-called exponential phase.

Growth functions as occurring in developmental biology have a purely
ical origin. The size of an organism is plotted graphically against
ge. The resulting curve is expressed, as accurately as need be, by
of an algebraic equation. No biological significance is attributed

e exact form it takes. The growth function's chief function is to
itate the analysis of the curve of growth (MEDAWAR [1945]).

In this paper we attempt to clarify what in our view are some of the
comings of the otherwise quite appealing model of Lindenmayer and how
earcome them. As examples we show how to derive logistic and mono-—
ular growth curves.

In biology, as opposed to the usual automata theoretic approaches,
et the problem of enviromment. In an organism each cell has an

>mment (apart from the adjacent cells) which is going to influence
shavior, c.q. division rate. In algae this is the surrounding water
vhich it draws its food. In larger plants the enviromment consists of
itside world and inside the organism e.g. the vessels which transport
:ients. Furthermore, growth inhibitors, temperature and, for all we
the phases of the moon will influence the growth rate of the orga-
Of course, every one of these exogenous influences may occasion

2s in endogenous parameters. Apart from this, e.g. the following

ical generalisations are mentioned by MEDAWAR [1945].




(i) Size is a monotonic increasing function of age.
(ii) Usually, what results from growth is itself capable of growing.
(iii) Under the actual conditions of development living tissue progres-—

sively loses power to reproduce itself at the rate it was formed.

In automata theory we are dealing with abstractions which are not
subject to physical constraints, and identical cells do identical things
at all times. In actual organisms, differences in enviromment in space and
time are going to create differences in cell behavior such as division
rates etc. So even if we assume that a cell is essentially an autonomous
unit, changes and divisions do not occur at unit time intervals, but
division times are governed by environmental parameters, like concentration
and accessibility of nutricients, growth inhibitors, enzymes, temperature,
light. It will come as no surprise that this is corroborated by experi-
mental evidence.

The biologist observed very little real differences in cell types/
states (e.g. cells with distinct stereotype behavior). Erickson in his
experiments with growth in corn cobs essentially distinguishes between
cells in the core and those in the surrounding tissue only, and insists
that all cells in one of these areas behave more or less alike. The
Licks, experimenting on algae, distinguish between four cell types
(according to ancestry). Under changing environmental conditions they
observe changes in size and division times only (private communication).

To account for differences in cell behavior induced by time or extra-
cellular agents, the automata theorist is inclined to postulate a very
large number of cell states. In doing so, he makes no distinction between
the autonomous properties of cells and changes in division times due to
extracellular agents. We can overcome this difficulty by assuming but a
few different cell types and taking intervals between changes in the
model as a variable quantity. We shall call the elapsed time physical
or real time and the number of times the model has undergone changes
physiological time. This is in agreement with biological terminology.

To quote MEDAWAR [1945] .
..."Growth is more rapid earlier in life than later, and if the time

intervals are equal in length -are days for example- the approximation




rorrespondingly be less efficient at the beginning than at the end,
angth of the choosen interval should evidently bear some relation

> work done by the organism in its life span; to the organism's
lological age" in fact... (Physiological time is biology's claim
considered at least as obscure to the lay mind as theoretical

:s. The organism it is argued, dispenses a Time of its own making
just measure of the work done...)"

We want to show that the underlying model of L systems, even without
.ar interactions, gains in adequacy and explaining power if we treat
me intervals between changes of cell states and division as a

.on of elapsed time, environmental parameters, and possibly the num-
! previous changés. Hence we consider L systems operating in physio-
11 time and their associated physical or real time growth functions.
on we solve some examples yielding well known growth curves. In the
jection we formulate some extensions of the model on which the auto-
heorist might want to turn lose his bag of tricks, and show some

.ons with so-called table L systems.
[IDENMAYER SYSTEMS AND GROWTH FUNCTIONS

A deterministic context free Lindenmayer system (DOL system)is a

* G = <W,d8,w> where W is a finite nonempty alphabet, & is a homomor-
from W' into W' and we WW" is the initial string.

The alphabet W symbolizes the set of different cell states (cell
with distinct stereotype behavior or appearance), § describes the
.tion of a cell from one state to another or the division of a cell
itring of cells, and the initial string symbolizes the (filamentous)
sm we deal with initially. An element (string) of W symbolizes a

© array of cells.

We define the composition of i copies of & by 5O(V) = v and 6i(v) =
'l(v)) for each string v € W and all i > 0. The sequence produced
s S(G) = W,6(w),62(w),...,6i(w),... where Si(w) symbolizes the stage
'ganism is in after i string rewritings (or physiological time steps).
owth function of G is deflned as f (1) = 1g (6 (w)), i.e., the

of & (w) (the number of occurrences of letters in 6 (w)).




de can derive a closed form solution for fG as follows, cf. PAZ and
SALOMAA [1973].and SALOMAA [1973].
Associate wich each element v of W its Parikh vector v, i.e., the

row vector (il’i ,.0.,1_) where ij denotes the number of occurrences of a,

2
. . . J
inv, 1 < j<n, for W= {al,az,...,an}. The growth matrix M, of G is the

G
n x n matrix of which the j-th row consists of 6(aj). It is easy to see
that Sl(w) = w MG1 and
R |
(1) £.(1) = WMy

vhere n = (1,1,...,1)T: the n dimensional unit vector. (T denotes trans-
position.) Now fG(i) is the number of cells in the organism after i re-
writings. If we want fG(i) to denote the length or weight of the organism
after i rewritings, and different cell types have different lengths/
veigths we only have to choose n in ]fi GR+ denotes the set of positive
real numbers) such that the j—th element of n is the length/weight of a
zell (type) aj. This causes no difficulties with the now following theory
and was done by POLLUL and SCHUT [1975].

According to the Cayley-Hamilton theorem, M, must satisfy its own charac-

G o
teristic equation: p(x) = det(MG—Ix)*= 0, where O denotes the n x n matrix
. . . o . . i-n
wvith zero entries. For each i = n, after multiplication with M.G , left

nultiplication with w and right multiplication with n, the following homo-

geneous linear difference equation with constant coefficients holds

n
(2) £ = )

oy s
; bj s (i-j), i z n,

1

where p(x) = 2?=0 bj xn—J,b0

From known facts concerning such difference equations it follows that the

= 1, is the characteristic polynomial of MG.
closed form solution of fG is given by

- -
(3) £.(1) = p.(i) i,
G . h| ]
=1
where the ci's are the r distinct roots of the characteristic equation

p(x) = 0 of MG’ pj(i) is a polynomial in i of degree one less than the




plicity of the root ¢ 1 £ j £ n. The constant coefficients of the
of the polynomials pl(i),pz(i),...,pr(i) are determined from fG(s),

l),...,fG(n) where s i§ the multiplicity of the zero root in p(x) = 0.
mber that fG(i) = lg(ﬁl(vO) gives us the initial values of fG.)
more leisure introduction to the needed concepts in L system theory
.g. HERMAN and VITANYI [1976].

Now imagine that the clock which governs the discrete time rewriting
e string of cells does not tick at unit time intervals (keeping
ological time) but rather at variable time intervals related with the
es in time of the influences exerted by envirommental and internal
eters and maybe related with the number of previous rewritings, thus
ng real time. The time interval between the occurrences of the i-th
he i+l th elements of S(G) is given by t(i+f) - t(i) for some
ion t: R, *R,. Then the size (c.q. weight, number of cells) of the
ism modeled is given by LG(t(i)) = fG(i), or LG(t) = fG(i(t)) where
-1, i.e., i:ZR+ R, is the funection inverse of t: R, *R, . (t has an
se since it is strictly increasing.) i(t) gives the number of re-
1gs which have occurred op to time t as a function of the real time
ad. It seems reasonable to assume that, e.g., the time delay between
)nsecutive stages (rewritings) of an organism, is connected with the
atrations of nutricients it has access to and waste products and
1 inhibitors it secretes. Such concentrations will be related to the
ism's size and history in that enviromment. So the fundamental

ion 1is
LG(t) = fG(i(t))

iz B4+CB+is the physiological time as a function of the real time
' R4ﬁ-R}is the real time as as function of the physiological time.
inction i is found by describing in e.g. differential equations the
lons between t;, LG(t), the influences of environmental parameters
are not influenced by the organism such as temperature, day and
cyclus; the influences of envirommental parameters which are

:nced by the organism such as food concentration. To take a simple

.6 where we do not ascribe a physical meaning to t(i): suppose
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hat fG(i) = Zi and t(i) = iz. Then i(t) = vt and LG(t) = Z/E; a real time
;rowth function of the so-called subexponmential growth type.

Note that one assumption we have made is that the relative changes
)f time intervals in between the rewriting of a letter does not depend on.
he letter or its position in the string.

By some examples we show that we can derive by the above method well
:nown biological growth functions. The problem of constructing real time
jrowth functions for an organism modeled in physiological time by a DOL
system consists in finding a plausible set of physical constraints (e.g.

1 set of differential equations), solving i(t), and by substituting in

:G(l) solving LG(t).

3. REAL TIME GROWTH FUNCTIONS OF LINDENMAYER SYSTEMS OPERATING IN
PHYSIOLOGICAL TIME

In this section we investigate some examples of growth behavior we
ire liable to meet according to the theory developed above. We shall be
:oncerned with algae-like organisms which (I) reside in a closed environ-
nent containing an initial amount of food stuff, (II) are subject to
seriodic speeding up and slowing down of division rates (i.e., some sort

>f biological rithm), and (III) (I) and (II) together.

(I) ORGANISMS IN A CLOSED INVIRONMENT CONTAINING AN INITIAL AMOUNT OF
NUTRICIENTS.

Suppose we have (fig 1) a (filamentous) organism residing in a
trough filled with water from which it draws its food. We shall assume
that (i) the organism uses no food to maintain itself but only to grow;
(ii) it excretes no waste products etc. which inhibit its growth; (iii)
at all times the concentration of food throughout the trough is uniform;
(iv) . No parameters influence the growth except the concentration of food.

Let a(t) be the concentration of nutricients at time t. Assume that

for a(t) 2 a, the enviromment is optimal and the organism grows according

0
to the modeling DOL system, i.e., physiological time and real time are the

same. After some time, say to time units, the food level has been depleted




and the growth rate starts slowing down. Since the surface of the
antous organism is proportional to its length (or the amount of cells
made up off), i.e., the value of fG, we choose our differential

ions as follows.

dgét) = - ¢ f (Da(t)

< is the nutricient absorbtion constant pro unit of organism. This

~

>

—ftc £

(x)dx
a(t) = a(0)e 016

ibstituting a(to) = a. yields ty. From t onwards the division times

0 0
L1s grow larger because there is a food shortage and for t 2 tO we
da(t) _ _
a - T Slg(Bal®)
de(i) _
di - g(a(t))
Lo(t) = £,(i(6)

)me function g yet to be choosen. Since t is the inverse function of

leads to

L - i/gae)

lering everything in phase-space (7) and (10) give

da _ _ .
i clfG(l)ag(a)

:nce (with some abuse of notation)
a(i) i
1 _ s
EETET da = C1 J fG(l)dl.
=t

a=a0 1 0




At this point we might wonder whether it is necessary to give a(t) a
strong and explicit interpretation as food concentration. The fact that
real growth normally stops somehow is not necessarily connected with ex-
haustive constraints but can also be the result of higher integrated
processeé such as flowering. See LUCK [1966] for a discussion about largely
independent levels of organization in a plant's hierarchical make up.
Therefore, perhaps, it would be better to give a(t) a more mathematical
purpose than too restricted biological significance. For instance, integra-

tion constants may always enter into a(t).

EXAMPLE 1.: the logistic growth curve.
Assume that fG(i) = 2" and g(a) = cz/a
t < t.. According to (6).

i %
—&) c12tdt
a, = a(0)e
which yields
_ 1n 2 a(0)
ty = log2 (l+ < 1n 5 > .

1 0
Substituting fG and g in (12) yields

t

1 , _ 1 i 0
5; (a(i) - ao) =-c 153 (27-2 7).
Substitute a(i) = ¢y %% and we have to solve i in
a c . t
di _ "0 _ 1 i, 0
(13) Fri E; W) (27=2 )
via separation of i and t
i t
(14) J L di - J dt
i=t A+B2 t=t
f 0
with
o
ao In 2 + c1c22
A= c, 1In 2
2
-c
B = __l_




yields, after substitution of y = 2t

y t
S W B dy = dt
. Aym2z® . AIn2 (amy) Y y
- y=2 y=2 ° t=t,
ng i in (15) we obtain
1 " ztoeA (t-to) 1n 2
i(e) = ims " In (I—GB) with G = T
A+ B2
ituting i(t) in £,(i) = 2%
_ o,i(t)
Lg(t) =2
_ _-A/B
1-1/BG a. In 2 t
0 + 2 0
Cc,C

- a. In 2 t

— O -
1+ 2 . e T2 ety
t 2
c.c, 2 0
172
is of the form X : the logistic or autocatalytic
-kt
1+Ye
tO ln 2 a(O)\
=t we obtain: L _(t.) = 2 =1 + 1n
0 G0 cl ag y)
Y9  aln 2
+ o we obtain: L max = 2
G c.c
172
a. 1n 2
-1+ 12 2 1n (aiO)) + i -
1 0 172

This yields the growth curve depicted in figure 2 in which for
= - t . = =

3} LG(t) = fl(t) 2" and for t > to. LG(t) fz(t) the above

tic growth function. The only parameters involved are C1sCos a(0) and a

.E 2. Assume that fG(t) = t+l and g(a) = c2/a

according to (6) we can solve t from

t
-IOO ¢ (t+1)dt

ay = a(0)e




-
thich yields t, = - 1 % /€»+'2—1n a0y
0 c, a,
. a(0) .
ind since 5 is greater than 1 for tO > 0, clearly
0
tO ==-1+ Y1 + ii—ln Eggl
€1 0

and

Lo(ty) = £,(t)) = /1 + 2 a0y

€1 @

From (12) we see that

a(i) - ag = 52 (gD =i+ ?)

172 2 . 2
= 2 @t -+
Substituting a(i) = c gi-we get
2 dt
. a c c
di 0 1 2 1 2
and
1 t
J di 5 = J it
. A-B(i+1) N
1—t0 t—to
with
a c
2 1
c
_ 1
B==

which yields

/A/B#(t0+1) 1 o A/B+(i+1)

t = t0 - ! 1n + 1
2/AB ATB- (£ 4+1) 2/AB"  /A/B-(i+1)




ng

1 VA/B#(tO+1)
0" 1n to Z
2v/AB' A/B-(t0+1)

t

to Y and vA/B to X we have, after some computation

I

fG(i(t)) = i(t)+l]

2
- 1+e—Z/Y_et/Y)

//Zao £
L max = lim L _ (t) = X = /—— + L _(t,) .
G toroo G ¢ ¢, G 0

rowth curve looks like figure 3:

): LG(t) = fl(t) = t+]:linear
- _ -Z/Y t/Y.-1
+ L () = £.(t) = X(1-2(1+e ce ') )
) G 2
) LG(t) N X(l—2e+z/Ye—t/Y): the monomolecular growth curve
t0=-1+/1+—2—lna(o)
€1 i)
L. (t,) = VG + 2 1n a(0)
G 0 c a
1 0
2a ! a 7
LGmax=/;0—+LG(to)2=/czco +-g—lna—((£+ 1.
12 12 €1 20

Hence we see that between the two extremes of unbounded DOL growth, viz
:ntial and linear, the chosen set of differential equations, which

: the depletion of food, always yields a sigmoidal growth curve.

‘ore, all unbounded DOL growth functions yield a sigmoidal growth

under these conditions.
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cording to the observations of the Lucks (privat
they observe show the following growth behavior.
the algae behave in essence like a rather simple
where each transition takes place after a unit
time interval the organism alternatively skips
r executes two consecutive transitions in one
r each period of ten time intervals the organism
d expect from the DOL model, but in between it
d slows down its growth rate. According to the
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t))

n inverse of

0 <imod 10< 5

IA

i mod 10

IA
O

or 5

0 < tmod 10 < 5

IA

t mod 10

IA
O

or 5

i(t)/5

lLG(t) = 2 and the growth curve is as




COMBINATION OF (I) AND (II).

A combination of (I) and (II), i.e., an organism residing in a closed
‘onment and showing periodic speed ups and slowing downs of growth rate

und by

Lo(t) = £,((" (1))

i' is a.function as found in (I) and i' a function as found in (II).
esulting growth curve looks like figure 5, where we assume that the

dicity is independent of the organism's interaction with the environ-

ME POSSIBLE EXTENSIONS AND AN INTERPRETATION IN TERMS OF TABLE L
STEMS

The assumption that the relation between physiological time and real
is the same for all cell types in the organism can be relaxed, and we
n in general that a is rewritten as f(t,a) € {a,8(a)}, a € W and

. Then the growth matrix at time t is

'f(t,al)

f(t,az)
My (0)= :

f(t,an)/

?TETZIY will be 3; or E?E;T depending on t. (In our previous
ach this would mean that MG(t) is either the unity matrix E or MG
ding on t.) The above approach is useful to express different division
of different cell types without having to introduce different cell

s to account for distinct delays in division rates. We could even go
er, and use the DTOL model. A DTOL system (deterministic interaction-

.,6k},w> such that for all

table L system) is a triple G = <W,{61,62,..




, 1 <1 <k, Gi = <W,6i,w> is a DOL system. A controlword u is an elemen

3 {l,2,...,k}*. A word v is said to derive a word v' in G under the

»ntrolword 9 = 1112...1£ if

v' = 6i S. ceesl. 8. (V).
2 Te-1 1,4

>w we define, for A = {MG(t) I t e N} (A is finite) a DTOL system
G = <W.,{<Sl,62, ces ,ak} SW>

1ere k is the number of elements in A and each table Gi corresponds to
1e distinct elements of A for which it is the associated set of rewriting
1les, i.e., A = {MGI,MGZ,...,MGk}

"6.Za];

R
Gi(az)
M. =
Gi
Gi(an)

1ere W = {al,az,...,an}, 1 < i< k. Now a computable function
N+ {1,2,...,k} is defined which has as its argument the real time t
ad is composed from functions which compute from the relevant parameters

a1ich table Gi ~is applicable at time t. Then the word Sequence

(G) = w,S6. (w),6. S. (W)yeaas8, 8. oo G, W) 000
h v ENED) h2) *n) o) *h(e-1) (1)

lves us the required developmental history of the modeled organism and

1e lengths of the successive elements of Sh(G) give us the real time

cowth function.
: _ _ 2 . i .2
{AMPLE. Suppose we have G = <{a},§(a) = a ,a> and f(i) = 2%
t
1en LG(t) = 2

1e present approach would model the organism as follows.




G' = <{a},{61(a) = a,62(a) = az},a>

M.Gl = (1) and MG2 = (2)

2 if t is a square
h(t) =
1 if t is not a square
yields LG(t) = ZL/E].
We might note here that the approach taken in section 3 always leads
IL systems with two tables: if the physiological L system was
l,6 ,w> then the associated DTOL system will be G' = <W,{61,62},w>
61 is the identify function and 62 =¢§. The associated function
2 if t = t(i) for some 1 € N
h(t) =
1 if t # t(i) for all i e N.

urther extension of the ideas presented above we could, e.g.,

‘he choice of table, for rewriting a letter at time t, depend on the
ric position in the string of that occurrence of the letter. For

ice, the tip of a root grows while the basal part does not. In this
as in this section in general, not oniy the derived string sequence
be different from that of the underlying DOL system, but also the -

" derived strings could differ from that of the underlying DOL system

does not happen with the approach in section 3.
[AL. REMARKS

Although the paper is concerned with L systems, i.e., models for
mtous organisms such as algae, the same method should be applicable
‘e~dimensional growth as well. First find a, preferably interaction-
model of how the organism grows in physiological time (the essential

ncestry and division pattern) and than try to find the functional




17

elation between physiological time and real time. The advantages of such
procedure ére that we have both a (qualitative) fundamental physiological
ime model and that the transition from one type of growth to another,
.g. from exponential to logistic, does not require changing the model but
s a consequence of the functional relation between physiological and real
ime which governs the quantitative aspects of the matter

Among experimentalists it is considered that the over-all approxi-
ations like exponential, logistic etc. growth curves have nothing to do
ith elemental (cellular) behavior. Furthermore, usually only the initial
xponential stage is studied; the later stages of growth are more or less
eglected. We have tried to establish a relation between elemental behavior
nd the over—all growth curve and we have introduced as a most significant
tate of a growing organism, or of the history of a growing organism, the
tage at which the growth ceases to be exponential and becomes sigmoidal:
t time t0 .

The presented ideas should not be of interest solely for people
orking with algae but for every experimentalist who tries to fit theore-

ical growth functions to observed data.
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